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Invited Talks

Reflections on Colorings

Gary Chartrand
Department of Mathematics, Western Michigan University
Kalamazoo MI }9008-5248 USA

gary.chartrand@uwmich. edu

We look back at the topic of graph colorings and describe some related concepts. Some results
and problems concerning these coloring concepts are presented.

Iterated Partitions of Triangles

Ronald Graham
Department of Computer Science and Engineering, University of California San Diego
La Jolla, CA 92093-0404
graham@ucsd. edu

There are many ways in which one can subdivide a triangle into smaller triangles. However,
the limiting behavior when various methods of partitioning are iterated can be quite different. In
this talk, I will describe some recent results for this problem, which include a few facts that we can
prove, and a large set of conjectures arising from computational experiments that we cannot (yet)
prove. This is joint work with Steven Butler

Spyros Magliveras
Department of Mathematics Sciences, Florida Atlantic University
Boca Raton, FL 33431-0991
spyros@fau. edu

Resolutions of t-designs were studied as early as 1847 by Reverend T. P. Kirkman who proposed
the famous 15 schoolgirls problem. Kirkman’s problem is equivalent to finding a resolvable 2-
(15,3,1) design with =17, and b= 35. We define and discuss 7-resolutions of t-designs, large
sets of t-designs, orthogonal resolutions of t-designs, Room rectangles, and Steiner tableaux. In
particular we discuss recursive constructions of large sets, and present techniques for constructing
starter large sets of t-designs, which combine with the recursive techniques to yield infinite families
of large sets. We pay particular attention to coherence techniques, i.e. construction methods which
assume particular automorphism groups under which the objects mentioned above are invariant.
Examples of large sets and super-large sets constructed by these methods are presented. We present
infinite families of semiregular large sets arising from 3-homogeneous actions of the groups P.SLa(q)
on the projective line, and provide a generalization of these results to the case where the group
action is not t-homogeneous. We finally present some tantalizing open problems.



Mix Functions and Orthogonal Equitable Rectangles

Douglas Stinson
School of Computer Science, University of Waterloo
Waterloo Ontario, N2L 3G1, Canada
dstinson@math.uwaterloo.ca

Ristenpart and Rogaway defined “mix” functions, which are used to mix inputs from two sets
of equal size and produce outputs from the same two sets, in an optimal way. These functions
have a cryptographic application in the context of extending the domain of a block cipher. It was
observed that mix functions could be constructed from orthogonal latin squares.

We give a simple, scalable construction for mix functions. We also consider a generalization of
mix functions, in which the two sets need not be of equal size. These generalized mix functions turn
out to be equivalent to an interesting type of combinatorial design which has not previously been
studied. We term these “orthogonal equitable rectangles” and we construct them for all possible
parameter situations.

The Symmetry Between Crossings and Nestings in
Combinatorics

Catherine Yan
Department of Mathematics, Texas AEM University
College Station, TX 77845-3368
cyan@math.tamu.edu

In this talk we survey the recent progress on crossings and nestings in combinatorial structures.
For permutations, crossings and nestings are just the increasing and decreasing subsequences, which
bear a clear symmetry. Such a symmetry also holds for matchings and set partitions. By a variant
of the RSK algorithm from algebraic combinatorics. matchings and set partitions are in one-to-one
correspondence with certain random walks in Young lattice—the lattice of integer partitions. It
follows that the crossing numbers and the nesting numbers are distributed symmetrically over all
matchings of [2n], as well as all partitions of [n].

A similar technique is used to reveal the symmetry between monotone substructures of other
geometric configurations, including fillings of Ferrers shapes, linked cycles, general graphs, and
fillings of stack and moon polyominoes.



Contributed Talks

Statistical Behavior of Perturbed Logistic Model

Reza Ahangar®*, Sarjinder Singh and Rongdong Wang
Department of Mathematics, Texas A € M University
Kingsuville, TX 78363-8202
reza.ahangar@tamuk. edu

A model represents the rate of changes of the population with a limited environmental resources

dpP
can be described by - = P(a—0bP) +g(t,P), P(ty) = Py, where a measures the growth rate in

the absence of the restriction force and a/b represents the carrying capacity of the environment and
b represent restricted factor b. The random perturbation g(¢, P) is generated by random change in
the environment. The behavior of the solution of this model for continuous and discrete case when
g(t, P) = r.P with a random change factor r will be studied. The stability and the behavior of the
equilibrium point will also be investigated. A computational approach to the solution and logistic
regression applied to the statistical data will be presented.

Generalized Complementary Prisms and Their
Parametric Spread

Rommel Barbosa*, A. Sinko and Peter Slater
Instituto de Informdtica - UFG
Goiania - GO, Brazil
rommel@inf.ufqg.br

For a graph G with complement G and a bijection 7 : V(G) —>l/(é), the complementary prism
G7(@ is the graph obtained by taking disjointed copies of G and G and adding the edge {v,7(v)}
for each v € V(G). For a given graph parameter 7, we define the complementary spread SP-(G)

to be the maximum value of 7(Gm G) — 7(Gm2G) for bijections 7; : V(G) — V(G), i = 1,2. We
focus primarily on the independence parameter 3(G).




FExtending Partial Tournaments

LeRoy B. Beasley*, David E. Brown and K. Brooks Reid
Department of Mathematics and Statistics, Utah State University
Logan, Utah 84322-4125
lbeasley@cc.usu.edu

Let A be a (0;1;#)-matrix with main diagonal all 0’s and such that if a;; = 1 or , then
aj; = * or 0. Under what conditions on the row sums, and or column sums, of A is it possible to
change the *’s to 0’s or 1’s and obtain a tournament matrix (the adjacency matrix of a tournament
digraph) with a specified score sequence? We answer this question in the case of regular and nearly
regular tournaments. The result we give is best possible in the sense that no relaxation of any
condition will always yield a matrix that can be so extended.

On Nonlinear Extensions of the Erdds-Ginzburg-Ziv
Theorem

Arie Bialostocki* and Tran Dinh Luong
Department of Mathematics, University of Idaho
Moscow ID 83844
arieb@uidaho.edu

Let p be a prime. We consider a homogenous system & = {gpi}le of k symmetric polynomials
in p variables over the field Z, in view of the EGZ theorem. Denote by ¢(®,Z,) the minimum
integer s which satisfies the following property: For every sequence of s elements a1, as, ..., as from
Zyp, there exist p distinct integers i1,12,...,4, € {1,2,...,s} such that @;(a;,as,,...,a;,) = 0 for
i =1,2,..., k. Furthermore, denote by M(®,Z,) the set of all sequences of elements from Z, of
length ¢(®,Z,) — 1 which do not satisfy the above property.

The Erdds-Ginzburg-Ziv theorem states that if ® = {s1}, where s1 = > ©_, 2, then g(®,Z,) =
2p — 1, furthermore, the set M (®,Z,) is the set of all two element sequences taken from Z,,
where each element appears p — 1 times. Motivated by this theorem which generalizes the pigeon-
hole principle for 2p — 1 pigeons and two holes, we propose to investigate systems of symmetric
polynomials which generalize the pigeon-hole principle for ¢(p — 1) + 1 pigeons and ¢ holes. It is
worthwhile to mention that while the system ® has to satisfy g(®,Z,) = t(p — 1) + 1, there is some
flexibility in defining the set M (®,Z,).

In this talk we will survey some recent results and suggest further avenues of research.

New Results on Packings

Iliya Bluskov
Department of Mathematics, University of Northern British Columbia
Prince George, B.C. Canada V2N 4Z9
bluskovi@unbc.ca

A 2-(v, k, \) packing design, (V,B), is a set V (with elements called points) and a collection B
of k-subsets of V (called blocks) with the property that every unordered pair of points occurs in at
most A blocks. We denote the maximum possible size of B by Dy (v, k,2) and call it the packing
number for these parameters. We are interested in finding either the exact value of D) (v, k,2)
or a good lower bound on it. I will discuss several computational results on improving the known
bounds on the size of constant weight codes (packings with A = 1) and an update on the exact
values of D) (v,5,2). Most of the results were found by using combinatorial optimization.



Progressions of Squares

Tom Brown*, Allen R. Freedman and Peter Shiue
Department of Mathematics, Simon Fraser University
Burnaby, BC, V5A 156, Canada
tbrown@sfu.ca

We consider the occurrence of certain generalizations of arithmetic progressions, amongst the
squares of integers. More specifically, let a1, a9, - ,a, be an increasing sequence of squares, let
d; = aj41 — a;, and let D = {dy,da, -+ ,dp—1}. If the given sequence of squares is an arithmetic
progression (impossible if n > 3) then D has size 1 and diameter 0. When n > 3, we seek to
minimize either the size of D or the diameter of D.

On Some Projective Planes

Cafer Caliskan
Department of Mathematics Sciences, Florida Atlantic University
Boca Raton, FL 33431-0991
ccaliska@fau. edu

In this study we analyze the structure of the full collineation group of the Veblen-Wedderburn(VW)
plane of order 11?2 and Hughes plane of order 112. Particularly, we discuss a new construction
method of VWis1 by using its collineation group, and it seems that this method could be used for
VW planes of other orders as well. Furthermore, we analyze the subplane structures of these planes
and determine the orbit representatives of all proper subplanes generated by the quadrangles under
their full collineation groups.

Beautifully Nested Balanced Incomplete Block
Designs

Dinesh G. Sarvate and Hau Chan*
Department of Mathematics, College of Charleston
Charleston, SC, 29424
hchan@edisto. cofc.edu

We define Beautifully Nested Balanced Incomplete Block Designs and prove that the necessary
conditions are sufficient for the existence of BNBIBD with block size 3. Several infinite families
with block size 4 are constructed and some non-existence results along with two well supported
conjectures are also given.

A construction of some group divisible designs

Yaotsu Chang* and Peter Shiue

Department of Applied Mathematics, I-Shou University
Dashu Township, Kaohsiung County, Taiwan
ytchang@isu. edu. tw

In this talk, we present a construction of two families of group divisible designs with block sizes
3 and 4, respectively. It is motivated by the decoding of quadratic residue codes.



Some New Results on the
Existence of Balanced Arrays

Dharam V. Chopra* and Richard M. Low
Department of Mathematics and Statistics, Wichita State University
Wichita, KS 67260
dharam.chopra@Quichita.edu

A balanced array T (B-array) of strength ¢, with m constraints (factors), and N runs (treatment-
combinations) is merely a matrix of size (m x N) such that if we choose any submatrix 7% of T’
with ¢ (¢ < m) rows, then the structure of 7% is such that every (¢ x 1) column vector of weight 4
(0 < i < t; the weight of a vector is the number of 1s in it) appears with the same frequency p;
(say; 0 < i < t). The vector u' = (uo, pi1, - - ., p¢) is called the index set of the array. Clearly, N is
known once we know the p;’s. Arrays with combinatorial structures have proven to be quite useful
in combinatorics and statistical design of experiments. In this paper, we consider the existence of
some such arrays by using the concept of moments which are extensively used in statistics.

On Zs-magic Graphs
Chao-Chih Chou* and Sin-Min Lee

General Education Center, St. John’s University
Taipei, Taiwan, Republic of China 25135
chao@mail. sju. edu.tw

For k > 0, we call a graph G = (V, E) as Zi-magic if there exists a labeling | : F(G) — Zj such
that the induced vertex set labeling [T : V(G) — Zj, defined by [T (v) = > {l(u,v) : (u,v) € E(G)}
is a constant map. We denote the set of all k such that G is k-magic by IM(G). We call this set
as the integer-magic spectrum of G. We investigate graphs which are Zs-magic and non Zs-magic.

On the Edge-Balance Index Sets of Envelope Graph
of Stars, Paths and Cycles

Ping-Tsai Chung* and Sin-Min Lee
Department of Computer Science, Long Island University
Brooklyn, New York 11201
Ping. Chung@liu.edu

Let G be a graph with vertex set V(G) and edge set E(G), and let Zy = {0,1}. A labeling f of
a graph G is said to be edge-friendly if [e¢(0) —ef(1)| < 1. An edge-friendly labeling f : E(G) — Zo
induces a partial vertex labeling f* : V(G) — Zg defined by f*(x) = 0 if the number of edges
incident on x is 0 more than 1. Similarly, f*(z) = 1 if the number of edges incident on z is 1 more
than 0. f*(z) is not define if the number of edges incident on x is 1 equal to the number of edges
labeled by 0. For i € Zs, let vp(i) = card{v € V(G) : fT(v) =i} and ef(i) = card{e € E(G) :
f(e) = i}. The edge-balance index set of the graph G, EBI(G), is defined as {|vs(0) — vs(1)] :
the edge labeling f is edge-friendly}. Given a graph G, the envelope graph EV(G) is the graph
with V(EV(G)) = V(G)U E(G) and E(EV(G)) = E(G) U{(u, (u,v)) : u € V, (u,v) € E(G)}. The
edge-balance index sets of envelope graphs of stars, paths and cycles are presented.
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Fair Daifference Systems of Sets and the Comma-Free
Index

Larry J. Cummings
Department of Mathematics, University of Waterloo
Waterloo, Ontario, Canada N2L 3G1
ljcummings@gmail.com

Finite difference systems of sets (DSS) were introduced by Levenshtein in 1971 to determine
systematic comma-free codes with minimal redundancy in the presence of errors. The case for two
sets had been studied previously by D. J. Clague. If the sets differ in size by at most one element
the system is called fair.

The index of a comma-free code is the minimal distance between codewords and overlaps of code
words. We determine conditions on fair DSS that imply the index of the corresponding comma-free
code is greater than one.

Some Remarks on Matrix Enumeration

Shanzhen Gao
Department of Mathematics Sciences, Florida Atlantic University
Boca Raton, FL 33431-0991
sgao2Q@fau.edu

In March 2008, Neil J. Calkin and Janine E. Janoski presented their paper ”Matrices of Row
and Column Sum 2” at CGT'C39, and this paper was accepted by Cong. Numer. recently. They
let M (n, s) be the number of n X n matrices with binary entries, with rows in lexicographical order,
and row and column sum s; and S(n, s) be the number of n x n matrices with entries from {0, 1,2},
symmetric, with trace 0, and row and column sum s. The formula for S(n,2) was known. They
showed that M (n,2)=S(n,2). They also posted a conjecture: There is a bijection between these
two types of matrices. We will present a bijection between them, including new proofs for M (n,2)
and S(n,2), as well as other results on matrix enumeration.



Counting Integer Matrices with Small Row Sum and
Column Sum

Zhonghua Tan, Weizheng Gao* and Drake Harmon
Department of Mathematics Sciences, Florida Atlantic University
Boca Raton, FL 33431-0991
wgao@fau. edu

The enumeration of Integer Matrices has been the subject of considerable study, and it is
unlikely that a simple formula exists. The number in question can be related in various ways to
the representation theory of the symmetric group or of the complex general linear group, but this
does not make its computation any easier.

From Stanley’s book (Enumerative Combinatorics I): “Let f(n) be the number of n x n matrices
M of zeros and ones such that every row and column of M has exactly three ones, f(0) = 1,
f(1) = f(2) =0, f(3) = 1. The most explict formula known at present for f(n) is

o (—=1)8nt2(B + 34)12938

((2)) Jm) =673 = e

where the sum is over all (n+2)(n+1)/2 solutions to a+ [+~ = n in nonnegative integers. This
formula gives very little insight into the behavior of f(n), but it does allow one to compute f(n)
faster than if only the combinatorial definition of f(n) were used. Hence with some reluctance
we accept (2) as a “determination” of f(n). Of course if someone were later to prove f(n) =
(n—1)(n —2)/2 (rather unlikely), then our enthusiasm for (2) would be considerably diminished.”

We will give a historical view of the related problems and present many formulas for Counting
Integer Matrices with Small Row Sum and Column Sum.

Complementary to Yannakakis’ Theorem

Sergey Gubin
Genesys Telecommunication Laboratories Inc., an Alcatel-Lucent Company
1255 Treat Blvd. Walnut Creek, CA 94596
sgubin@genesyslab.com

In 1988, M. Yannakakis proved that the TSP polytope cannot be expressed by symmetric
polynomial size linear program, where the symmetry means that the polytope is an invariant under
vertex relabeling. The question about the size of asymmetric linear programs was left open then,
and it remained open since. This study answers the question: the ATSP polytope can be expressed
by asymmetric polynomial size linear program.

On Sarvate—Beam Designs

Bryan Bradford, Derek W. Hein* and James Pace
Department of Mathematics, Southern Utah University
Cedar City, UT 84720
hein@suu.edu

A Sarvate-Beam design (V,B) is a set V of v elements and a collection B of subsets (called
blocks) of V' such that each distinct pair of elements in V occurs in a different number of blocks (in
particular, exactly once from the list 1,2,..., (;)) In this talk, we present some results concerning

SB triple systems, SB quad systems and strict aPBD designs.
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Balanced Ternary Designs with Common Reductions

Spencer P. Hurd* and Margaret Francel
Department of Mathematics and Computer Science, Citadel
Charleston, SC 29409
hurds@citadel. edu

In this paper, we consider balanced ternary designs, BTDs, in which every block in the design
contains the same number of elements that appear doubly. We consider the two extremes, that is
designs, that we call packed, where the blocks each contain as many doubletons as possible and
designs, that we call monadic, where the blocks each contain a single doubleton. We determine for
k = 4 and k = 5 that one can be constructed in terms of the other iff they are each nested and
contain the same triple system.

Discrete Logarithms in non-Abelian Groups

Ivana Ilic* and Spyros Magliveras
Department of Mathematical Sciences, Florida Atlantic University
Boca Raton, FL 33431
{1ilic, spyros}@fau.edu

The intractability of the traditional discrete logarithm problem (DLP) forms the basis for the
design of numerous cryptographic primitives. M. Sramka et al. have generalized the DLP to
arbitrary finite groups. One of the reasons mentioned for this generalization is P. Shor’s quantum
algorithm which solves efficiently the traditional DLP. The DLP for a non-abelian group is based
on a particular representation of the group and a choice of generators.

In this talk we show that care must be taken to insure that the representation and generators
indeed yield an intractable DLP. We show that in PSL(2,p) = («, 3) the discrete logarithm problem
with respect to («, 3) is easy to solve for a specific representation and choice of generators o and
(. As a consequence, such representation of PSL(2,p) and generators should not be used to design
cryptographic primitives.

We also comment on secure choices in the context of PSL(2,p).
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On the Edge-balance Index Sets of J-Ladders and
Twisted Cylinder Graphs

Man C. Kong* and Sin-Min Lee

Department of Electrical Engineering and Computer Science, University of Kansas
Lawrence, KS 66045, USA
kong@eecs.ku.edu

Let G be a graph with vertex set V(G) and edge set E(G), and let Zo = {0,1}. A labeling
f: E(G) — Z3 of a graph G is said to be edge-friendly if {|ef(0) — ef(1)| < 1}. An edge-friendly
labeling f induces a partial vertex labeling f : V(G) — Zo defined by f*(x) = 0 if the number
of edges labeled by 0 incident on z is more than the number of edges labeled by 1 incident on =.
Similarly, f*(x) = 1 if the number of edges labeled by 1 incident on z is more than the number of
edges labeled by 0 incident on z. fT(z) is not define if the number of edges labeled by 1 incident
on z is equal to the number of edges labeled by 0 incident on x. For i € Zy, let v (i) = card{v €
V(G): ft(v) =i} and ef(i) = card{e € E(G) : f(e) = i}. The edge-balance index set of the graph
G, EBI(G), is defined as {|vf(0) — vg(1)| : the edge labeling f is edge-friendly.}. In this paper,
some results on the edge-balance index sets of J-ladders and twisted cylinder graphs are presented.

On Edge-Balance Index Sets of Flower Graphs

Harris Kwong* and Sin-Min Lee
Department of Mathematical Sciences, State University of New York
Fredonia, NY 14063
Harris. Kwong@fredonia.edu

Let G = (V, E) be a simple graph, and let A = {0,1}. Any edge labeling f : E — A induces
a partial vertex labeling f* : V' — A that assigns 0 or 1 to f*(v), depending on whether there
are more 0- or l-edges incident to v, and leaves f*(v) unlabeled otherwise. For each i € A, let
ef(i) = {uwv € E: f(uv) = i}| and vy(i) = [{v € V : f*(v) = i}|. The edge-balance index set of G
is defined as EBI(G) = {|vf(0) — v¢(1)] : the edge labeling f satisfies |ef(0) — ef(1)] < 1}. In this
paper, exact values of the edge-balance index sets of flower graphs are obtained, all of them form
arithmetic progressions.

On Q(a, k)-Vertex-graceful Graphs

Alexander Nien-Tsu Lee and Sin-Min Lee*
Department of Computer Science, San Jose State University
San Jose, CA 95192, USA
lee@cs. sjsu. edu

For any integer a,k > 1, a graph G with vertex set V(G) and edge set E(G), p = |V(G)| and
q = |E(G)], is said to be Q(a, k)-vertex-graceful (in short Q(a,k)-VG) if there exists a function
pair (f, fT) which assigns integer labels to the vertices and edges, i.e., f : V(G) — {0,1,...,p—1}
and f*: E(G) — {a,a+ k,a+ 2k,...,a+ (¢ — 1)k} are onto, where f*(u,v) = f(u) + f(v) for
any (u,v) € E(G).

We determine here classes of graphs that are Q(a, k)-vertex-graceful for distinct a and k. More-
over, some conjectures are proposed.
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Cryptoalgorithm Based on Formulas of
Reconstruction and Decomposition on the
Non-uniform Grid

Alla Levina
Mathematics and Mechanics department, St. Petersburg State University
Veteranov 95-123, St. Petersburg, Russia
alla_levina239@yahoo.com

In this talk a new symmetric cryptoalgorithm based on wavelet decomposition of B-splines of
the second degree on a non-uniform grid will be presented. The algorithm is simple in practical
application and analysis, process of enciphering and deciphering have easy mathematical structures.
Also, analysis of providing perfect secrecy of presented algorithm will be discussed.

On the Edge-balance Index Sets of Some Trees
Sin-Min Lee, Sheng-Ping Bill Lo* and Min-Fang Tao

Cisco Systems, Inc. 170 West Tasman Drive
San Jose, CA 95134, USA
bill_lo1@hotmail.com

Let G be a graph with vertex set V(G) and edge set E(G), and let Zo = {0,1}. A labeling
f: E(G) — Z3 of a graph G is said to be edge-friendly if {|ef(0) —es(1)| < 1}. An edge-friendly
labeling f induces a partial vertex labeling f* : V(G) — Zy defined by f*(x) = 0 if the number
of edges labeled by 0 incident on z is more than the number of edges labeled by 1 incident on zx.
Similarly, f(x) = 1 if the number of edges labeled by 1 incident on z is more than the number of
edges labeled by 0 incident on z. fT(z) is not define if the number of edges labeled by 1 incident
on z is equal to the number of edges labeled by 0 incident on x. For i € Zy, let vs(i) = card{v €
V(G): ft(v) =i} and ef(i) = card{e € E(G) : f(e) = i}. The edge-balance index set of the graph
G, EBI(G), is defined as {|vf(0) —v¢(1)| : the edge labeling f is edge-friendly.}. Results parallel to
the concept of friendly index sets of some trees are presented.

On the Integer-magic Spectra of Chain-sum Graphs
Richard M. Low* and Sin-Min Lee

Department of Mathematics, San Jose State University
San Jose, CA 95192
low@math.sjsu.edu

Let A be a non-trivial finite abelian group and A* = A — {0}. A graph is A-magic if it has
an edge-labeling by elements of A* which induces a constant vertex labeling of the graph. The
integer-magic spectrum of a graph G is the set IM(G) = {k : G is Zp-magic and k > 2}. We
analyze the integer-magic spectra of various classes of chain-sum graphs.
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On Splitting Strongly Regular Graphs of Latin Square
Type

Jianmin Ma
Department of Mathematics and Computer Science, Oxford College of Emory University
Ozford, GA 30054, USA
Jianmin. Ma@emory.edu

Each strongly regular graph (X, R) gives arise to a two-class symmetric association scheme
(X,{Ro, R, R}), where R is the complement of R. Now split R into a pair R; and RI, where
RT = {(z,y)|(y,z) € R}. If (X,{Ro, R1, R, RlTi is also an association scheme, then it is call a
(non-symmetric) fission scheme. We can split R or both R and R. In this talk, we focus on
strongly regular graphs of Latin square type or negative square type which have a fission of class 3
or 4. Examples of such strongly regular graphs are not abundant.

Magic Vertex Labelings of Digraphs

Alison Marr
Department of Mathematics and Computer Science, Southwestern University
Georgetown, TX 78626
marra@southwestern.edu

A digraph D with e edges and v vertices has a magic vertex labeling if there exists an injective
map A : E(D) — {1,2,...,v + e} such that for any given vertex x € V(D) the sum of the labels
going into x are equal to the sum of the labels going out of x; however, this sum does not have to
be the same for each vertex. This talk will look at some examples of magic vertex labelings, their
relationship to magic digraphs, and pose some questions for future exploration.

Graceful Forests

Wendy Myrvold*, Aaron Williams and Lucas Panjer
Department of Computer Science, University of Victoria
Victoria, B. C. CANADA, V8W 3P6
wendym@cs. UVic.ca

A graph on n vertices and m edges is graceful if there is a labelling of its vertices with distinct
labels selected from the set 0, 1,2, ..., m such that when each edge is labelled by the absolute value
of the differences of its endpoints, the edge labels are distinct. A famous open conjecture is that
all trees are graceful. By this definition, a forest is not graceful unless it is a tree because with
less than n — 1 edges, the vertices cannot be assigned distinct labels using the integers 0 to m.
However, considering forests is an obvious approach for searching for either an inductive proof for
the graceful tree conjecture or an algorithm for gracefully labelling a tree.

We propose two definitions for what it means for a forest to be graceful. In both cases the
vertices are assigned distinct labels from 0,1,2,...,n — 1. A forest is bottom-up graceful if some
such labelling induces a labelling of the edges with distinct values from 1,2,...,m. A forest is
top-down graceful if some such labelling induces a labelling of the edges with distinct values from
n—1,n—2n-3,..,n—m. This talk provides some preliminary results on these two types of
labellings of forests including the characterization of an infinite family of forests which are not
bottom-up graceful due to a parity condition.
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On Friendly Index Sets of Broken Wheels with Three
Spokes

Sin-Min Lee, Ho Kuen Ng* and Siu-Ming Tong
Department of Mathematics, San Jose State University
San Jose, CA 95192, USA
ng@math. sjsu.edu

Let G be a graph with vertex set V(G) and edge set E(G), and let A be an abelian group.
A labeling f : V(G) — A induces an edge vertex labeling f* : E(G) — A defined by f*(zy) =
f(x) + f(y), for each edge zy € E(G). For i € A, let v¢(i) = card{v € V(G) : f(v) = i} and
ef(i) = card{e € E(Q) : f*(e) = i}. Let c(f) = {|ef(i) —er(4)|: (i,j) € A x A}. A labeling f of a
graph G is said to be A-friendly if v (i) —v¢(j)| < 1 for all (i,7) € Ax A. If ¢(f) is a (0, 1)-matrix
for an A-friendly labeling f, then f is said to be A-cordial. When A = Zs, the friendly index set of
the graph G is defined as {|e;(0) —ef(1)] : the vertex labeling f is Zy-friendly}. We study friendly
index sets of broken wheels with three spokes.

Rainbow Trees in Graphs

Futaba Okamoto
Mathematics Department, University of Wisconsin
La Crosse, WI 54601
okamoto.futaQuuwlax. edu

An edge-colored tree T is a rainbow tree if no two edges of T are colored the same. For a
nontrivial connected graph G of order n and an integer k with 2 < k < n, a k-rainbow coloring of
G is an edge coloring having the property that for every set S of k vertices of G, there is a rainbow
tree T' containing the vertices of S. Related topics are discussed and some results are presented.

Free Mappings and Factorizations of Groups

Nicola Pace* and Vladimir Bozovié
Department of Mathematical Sciences, Florida Atlantic University
Boca Raton, Florida 33431-0991
npace@Qfau.edu

We say that a collection of subsets a = [By, . .., Bi| of group G is a factorization it G = By ... By,
and each element of G is expressed in unique way in this product. Group factorization is a topic,
that has besides its theoretical beauty practical use in graph theory, coding theory, number theory
and cryptography. By using special type of mappings between groups A and B, called free mappings,
we show a technique for obtaining factorizations of a group G, such that G = A x B. Moreover,
a simple way for constructing free mappings is provided. There is no limitation on the type of
groups A and B, but we found this approach particularly interesting in the case when A and B
are abelian groups. It is also considered an interesting joint of free mappings and Rédei’s theorem,
with number theoretic implication.



Designing Designs

Daniela Nikolova-Popova
Bulgarian Academy of Sciences and Florida Atlantic University
Boca Raton, FL 33431-0991
nikolova20032003Q@Qyahoo.com

Interesting groups often occur as automorphism groups of some combinatorial objects. One may
use these objects to obtain a representation of the constructed designs. Our combinatorial objects
are graphs.

Representing a design graphically may make certain properties of a combinatorial design obvious
that otherwise would require tedious reasoning. This holds for symmetries, resolvability, and sub-
design inclusion in appropriate cases. We describe how a graphical representation can be achieved
in many cases and show several examples.

Some Results on Partitions Inspired by Schur

Neville Robbins
Mathematics Department, San Francisco State University
San Francisco, CA 94132
robbins@math. sfsu.edu

Let f(sub 6)(n) denote the number of partitions of the natural number n into parts co-prime to
6. (This function was originally studied by Schur.) We derive two explicit formulas for f(sub 6)(n),
one of them in terms of the partition function, p(n). We also derive two recurrences for f(sub 6)(n).

Polygon D:issection and Standard Young Tableaux,
Another Bijection

Vermont Rutherfoord*, Mikko Hyvarinen and Shanzhen Gao
Department of Mathematics Sciences, Florida Atlantic University
Boca Raton, FL 33431-0991
vrutherl @Qfau.edu

A diagonalization of a regular m-gon is the placement of chords with the property that each
chord has endpoints on non-adjacent vertices of the n-gon and no chord intersects another, except
possibly at endpoints. For a fixed regular n-gon and fixed d, we show how to enumerate the number
of diagonalizations of the n-gon with d chords by bijecting diagonalizations to a standard Young
tableaux of shape (d + 1,d + 1,1”_3_d). This bijection and others, such as those given by Richard
Stanley and I.M.H. Etherington, we summarize and compare, providing several representations for
this (originally) geometric object.
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On Distance Two Vertex-Magic Graphs
Ebrahim Salehi

Department of Mathematical Sciences, University of Nevada Las Vegas
Las Vegas, NV 89154-4020

ebrahim.salehi@unlv. edu

Given an abelian group A, a graph G = (V, E) is said to have a distance k magic labeling in A if
there exists a labeling [: E(G) — A — {0} such that the induced vertex labeling I* : V(G) — A
defined by I*(v) = Z l(e) is a constant map, where Ej(v) = {e € E(G) : d(v,e) < k}. The set

e€Ey(v)
of all h € Z, for which G has a distance two magic labeling in Z; is called the distance k magic
spectrum of G and is denoted by ApM(G). In this talk, the distance two magic spectra of certain
classes of graphs will be discussed.

More on H-Matchable Trees
Lane H. Clark and Andrew M. Schwartz*

Department of Mathematics, Southeast Missouri State University
One University Plaza, Cape Girardeau, Missouri 63701
aschwartz@semo.edu

Fix a nontrivial tree H. We call {H1, ..., H,} a perfect H-matching of a tree T if and only if
Hy, ..., H, are subtrees of T' where each H; is isomorphic to H and {V(H;), ...,V (H,)} partitions
V(T). Then a perfect Py-matching of T is a perfect matching of 7. A tree is H-matchable if and
only if it has a perfect H-matching. We revisit this problem and remind the audience of the
formulas presented at this conference in 2006 for the number of labeled H-matchable trees and the
degree distribution of a random vertex in a random labeled H-matchable tree. We also prove some
asymptotic results about the degree distribution that have not been presented before. Furthermore,
we relay the distance distribution for matchable trees and some asymptotic results of this formula
as well.

Using Inclusion-FExclusion Principle to Solve Some
Problems

Hossein Shahmohamad* and Benjamin Zindle
School of Mathematical Sciences, Rochester Institute of Technology
Rochester, NY 14623
hzssma@rit.edu

Some Games of odd-even, lottery and murder mysteries are solved using rook polynomials and
the Inclusion-Exclusion principle.
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Hamzaltonian Connected Hourglass free Line Graphs

Yehong Shao
Arts and Science, Ohio University Southern
Ironton, OH 45638
shaoy@ohio.edu

The concept of hamiltonian index was first introduced by Chartrand and Wall, who showed
that if a connected graph G is not a path, then L¥(G) is defined for any positive integer k. The
hamiltonian index h(G) of G is the smallest positive integer k such that L¥(G) is hamiltonian.
Clark and Wormald extended this idea and introduced Hamiltonian like indices. For a property P
(Hamilton connected, edge-hamiltonian, pancyclic, vertex pancyclic, edge pancyclic, panconnected
and fully cycle extendable) and a connected nonempty graph G which is not a path, define the
P —index of G, denoted P(G), as

P(@) = min{k : L*(G) has property P} if at least one such k exists
| otherwise

We summarize some recent results about Hamiltonian like indices of graphs.

On the Minimal Logarithmic Signature Conjecture
for Simple Groups of Lie Type

Spyros Magliveras, Nidhi Singhi* and Nikhil Singhi
Department of Mathematics Sciences, Florida Atlantic University
Boca Raton, FL 33431-0991
nsinghil Qfau. edu

An ordered tuple [41, Ag, ..., A,] of ordered subsets of a finite group G is said to be a logarithmic
signature (LS) for G, if for each x € G, there exist unique z; € A4;,1 < i < n such that x =
T1T9 -+ Ty. Logarithmic signatures provide several efficient ways to create cryptosystems. The
well known minimal logarithmic signature conjecture (MLS conjecture) states that for every finite
simple group G there is an optimal logarithmic signature, i.e. an LS of the form [A1, Ag, ... Ay],
where each A; is of size prime or 4. Known results so far imply that an MLS exists for solvable,
symmetric, alternating groups and all groups of order < 10'° with few exceptions. It is also known
that MLS’s exist for PSL,(q) when ged(n,q — 1) =1, 4 or a prime, g a power of a prime. In this
talk, the authors develop some new methods for creating such factorizations for the finite groups
of Lie type. The methods use the relationship of these groups with the corresponding reductive
algebraic groups over algebraically closed fields. In particular, the structure of unipotent and
parabolic subgroups and Singer cycles of projective space are used. The logarithmic signatures so
obtained will be algorithmically efficient because cyclic subgroups are used to define them. As an
application of these methods it is shown that the MLS conjecture is true for PSL,(q) for all n and
g. The applications to other families of classical groups and twisted groups of Lie type will also be
discussed.
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Minimal Logarithmic Signatures for Spy,(q) and
PSpan(q)

Spyros Magliveras, Nidhi Singhi and Nikhil Singhi*
Department of Mathematics Sciences, Florida Atlantic University
Boca Raton, FL 33431-0991
nsinghi@fau. edu

Logarithmic signatures are a special type of group factorizations which are used to build cryp-
tosystems based on finite groups. Minimal logarithmic signatures are logarithmic signatures of
shortest length. In this presentation, the authors show that minimal logarithmic signatures exist
for the symplectic groups Spay,(q) and the projective symplectic groups PSpa,(q), for all n € N
and g a prime power. The structure of the group and the action of the group on the set of isotropic
vectors with respect to the bilinear form defining the group, as well as the action of the Singer sub-
groups on this set have been used to construct minimal logarithmic signatures for these groups. The
minimal logarithmic signatures so obtained are algorithmically efficient because cyclic subgroups
are used to define them.

Toeplitz and Other Combinatorial Matrices

Pante Stanica
Applied Mathematics Department, Naval Postgraduate School
Monterey, CA 93943
pstanica@nps. edu

In this talk we will discuss some results on banded and other combinatorial matrices. Spectra,
factorizations, and number theoretical properties for these matrices will be investigated.

On the Edge-balance Index Sets of Halin Graph of
Double Stars

Sin-Min Lee, Ho Kuen Ng and Hsin-hao Su*
Department of Mathematics, Stonehill College
Easton, MA 02357, USA
hsu@stonehill. edu

Let G be a graph with vertex set V(G) and edge set E(G), and let Zo = {0,1}. A labeling
f: E(G) — Z3 of a graph G is said to be edge-friendly if {|ef(0) —ef(1)| < 1}. An edge-friendly
labeling f induces a partial vertex labeling f : V(G) — Zg defined by f*(x) = 0 if the number
of edges labeled by 0 incident on z is more than the number of edges labeled by 1 incident on zx.
Similarly, f*(x) = 1 if the number of edges labeled by 1 incident on z is more than the number of
edges labeled by 0 incident on x. fT(z) is not define if the number of edges labeled by 1 incident
on z is equal to the number of edges labeled by 0 incident on x. For i € Zy, let vs(i) = card{v €
V(G): ft(v) =i} and ef(i) = card{e € E(G) : f(e) = i}. The edge-balance index set of the graph
G, EBI(G), is defined as {|vf(0) —vy(1)| : the edge labeling f is edge-friendly.}. The edge-balance
index sets of the halin graph of double stars are presented in this paper.
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Ballot Paths Avoiding Depth Zero Patterns and
Finite Operator Calculus

Heinrich Niederhausen and Shaun Sullivan*®
Department of Mathematics Sciences, Florida Atlantic University
Boca Raton, FL 33431-0991
ssulli21@fau. edu

A ballot path stays weakly above the diagonal y = x, starts at the origin, and takes steps from
the set {1, —} = {u,r}. A pattern is a finite string made from the same step set; it is also a path.
If we consider the number of ballot paths reaching (n,z) as the values of a polynomial sequence
sn(x), the recurrence relation obtained can be transformed into an operator equation. Using Finite
Operator Calculus we can find formulas for the polynomial sequence s, (x). In this paper, we only
consider patterns p such that its reverse pattern p is a ballot path. We require this restriction
so that the recurrence relation only contains values of the polynomial sequence that correspond
to ballot paths, namely s,(z) with > n. For example, the pattern p = wuurr would have the
recurrence sp(z) = sp—1(z) + sp(z—1) — sp_2(x —3) when > n and s, (z) = sp—1(z) when z = n,
so if we used the first recurrence to define the polynomials, we would be using values below the
diagonal that do not correspond to ballot paths. Notice that p = uurrr is not a ballot path. The
patterns we consider here are called depth zero. To develop the recursions, we need to investigate
the properties of the pattern we wish to avoid.

On Q(1,2)- and Q(2,1)- Vertex-graceful Graphs

Yiu-Hui Wen, Alexander Nien-Tsu Lee, Sin-Min Lee and Hugo

Sun*
Department of Mathematics, California State University, Fresno
Fresno, CA 93740, USA
hugo_sun@csufresno.edu

For any integer a,k > 1, a graph G with vertex set V(G) and edge set E(G), p = |V(G)| and
q = |E(G)], is said to be Q(a, k)-vertex-graceful (in short Q(a,k)-VG) if there exists a function
pair (f, f7) which assigns integer labels to the vertices and edges, i.e., f : V(G) — {0,1,...,p—1}
and f*: E(G) — {a,a+ k,a+ 2k,...,a+ (¢ — 1)k} are onto, where f*(u,v) = f(u) + f(v) for
any (u,v) € E(G).

We determine here classes of graphs that are Q(2,1)- and Q(1,2)-vertex-graceful graphs.
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Some Combinatorial Problems Over Finite Fuclidean
and non-Fuclidean Spaces

Le Anh Vinh

Department of Mathematics, Harvard University
Cambridge, MA 02138
vinh@math.harvard. edu

A classical set of problems in combinatorial geometry deals with the questions of whether a
sufficiently large subset of RY, Z¢ or F¢ contains a given geometric configuration. Examples are
Erdos distance problem, Szemerédi-Trotter theorem and the Furtenberg-Katznelson-Weill theorem.
In the finite non-Euclidean spaces, however, the use of known methods, like incidence geometry
or Fourier analysis, is nontrivial to the author. We therefore approach the problems using graph
theoretic method. Our main tools are graphs associated to the finite Euclidean and non-Euclidean
spaces. The advantages of using these graphs are twofold. First, we can reprove and sometimes
improve several known results. Secondly, our approach works transparently in the non-Euclidean
setting. Due to time constrains, I will only restrict our discussion to the Erdés distance problems
and a Furtenberg-Katznelson-Weill type theorem over finite Euclidean and non-Euclidean spaces.

On Triangle-Free Graphs
W. D. Wallis

Department of Mathematics, Southern Illinois University
Carbondale, IL 62901-4408
wdwallis@math. siu. edu

We address the question: for what values (n,d) does there exist a regular graph of degree d, on
n vertices, that contains no triangle (that is, no subgraph C5? The known results provide upper
and lower bounds for n as a function of d, or vice versa) that are close, but there is a small unsettled
range.

Two Disjoint Large Cycles in a Graph
Hong Wang

Department of Mathematics, University of Idaho
Moscow, Idaho, USA 83844
hwang@uidaho.edu

We prove that if G is a graph of order at least 2k and the minimum degree of G is at least k+1,
then G contains two vertex-disjoint cycles of order at least k.
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Symbolic Computation for Integrator
Backstepping Control Laws

Rongdong Wang* and Reza Ahangar
Department of Mathematics, Texas A € M University
Kingsuville, TX 78363
kfrw000@tamuk. edu

Chain integrator Backstepping is a recursive design for systems with nonlinearities not con-
strained by linear bounds. With beckstepping the construction of both feedback control laws and
associated Lyapunov functions is systematic. This methodology is important in theory and applica-
tions of nonlinear control systems. However, the complexity of the computation of the backstepping
control law makes inevitable the use of a computer algebra system. Beckstepping of chain of in-
tegrators has been studied since 1990. A lemma of chain of integrators was introduced. However,
the control law was not given in the lemma. We studied the chain of integrator beckstepping and
derived the control law. We also use Maple to compute the control law of the nonlinear system.
This paper gives control laws of nonlinear systems with chain of integrators. A Maple procedure
to compute the control laws is listed. Examples of using the procedure are also given.

On Edge-Balance Indices of Cubic Graphs

Tao-Ming Wang*, Chia-Ming Lin and Sin-Min Lee
Department of Mathematics, Tunghai University
Taichung, Taiwan 40704, ROC
wang@thu. edu. tw

Let G be a finite simple undirected graph with vertex set V(G) and edge set E(G), and let Zy =
{0,1}. An edge labeling f : E(G) — Zy of a graph G is called edge-friendly if |ef(0) —ef(1)] <1,
where ef(i) is the cardinality of the set {e € E(G) : f(e) =i} for i € Zy. An edge-friendly labeling
f induces a partially defined vertex labeling f : V(G) — Z2 by the following rules: f*(v) = 0 if at
the vertex v the number of incident edges labeled 0 is more than the number of incident edges labeled
1, and f*(v) = 1 if at the vertex v the number of incident edges labeled 1 is more than the number
of incident edges labeled 0. fT(v) is not defined if at the vertex v the number of incident edges
labeled 1 is equal to the number of incident edges labeled 0. The edge-balance index set of the graph
G, denoted by EBI(G), is defined as the set {|v;(0) — vy(1)] : f is an edge-friendly edge labeling},
where vy (i) is the cardinality of the set {v € V(G) : fT(v) = i} for i € Zy. In this article,
certain properties of the edge-balance indices of regular graphs are investigated, and in particular
the edge-balance index sets of prisms and Mobius ladders are completely determined.
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On the Edge-balance Index Sets of (p,p + 1)-graphs

Sin-Min Lee, Hsin-hao Su and Yung-Chin Wang*
Department of Physical Therapy, Tzu-Hui Institute of Technology
Taiwan, Republic of China
jackwang@mail.tzuhui. edu. tw

Let G be a graph with vertex set V(G) and edge set E(G), and let Zo = {0,1}. A labeling
f: E(G) — Zy of a graph G is said to be edge-friendly if {|ef(0) — ef(1)| < 1}. An edge-friendly
labeling f induces a partial vertex labeling f : V(G) — Zo defined by f*(x) = 0 if the number
of edges labeled by 0 incident on z is more than the number of edges labeled by 1 incident on x.
Similarly, f*(x) = 1 if the number of edges labeled by 1 incident on z is more than the number of
edges labeled by 0 incident on z. fT(z) is not define if the number of edges labeled by 1 incident
on z is equal to the number of edges labeled by 0 incident on z. For i € Zy, let vs(i) = card{v €
V(G): ft(v) =i} and ef(i) = card{e € E(G) : f(e) = i}. The edge-balance index set of the graph
G, EBI(G), is defined as {|vf(0) — vf(1)| : the edge labeling f is edge-friendly.}. The edge-balance
index sets of (p,p + 1)-graphs are presented in this paper.

The Hoang-Reed Conjecture for 6 =3
Manuel Welhan

Department of Mathematics, University of Idaho
Moscow, ID 83844-1103
mwelhan@Quandals.uidaho.edu

Hoang and Reed have conjectured that a digraph with minimum out-degree 6 contains a 6 -
circuit-forest. A d-circuit-forest is a union of d dicycles C1, ..., Cg such that Cj shares at most one
vertex with (J;;, C; for each k = 2,3,...,d. Since a d-cirucit-forest contains at least (g —1)d + 1
vertices, where ¢ is the girth, the conjecture implies that a digraph with n vertices contains a
dicycle of length at most [n/67]. Thomassen established the Hoang-Reed Conjecture for §* = 2
in 1985. We have proved the conjecture for 6+ = 3 by strengthening Thomassen’s result for 6+ = 2
and then examining the global structure of separators in a counter-example for §+ = 3.
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Random Number Generators: Metrics and Tests for
Uniformity and Randomness

Evangelos A. Yfantis
Image Processing and Computer Vision Lab, School of Computer Sciences
Uniwversity of Nevada, Las Vegas, NV 89154
yfantis@cs.unlv. edu

Random number generators are a very small part of any computer simulation project. Yet
it is the heart or the engine that drives the rest of the software. Software houses in general fail
to understand the complexity involved in building random number generators. Building random
number generators with maximum periodicity, providing all the possible permutations with equal
probability and at random, requires knowledge of abstract algebra (primitive polynomials and
Galois fields), probability theory, statistics,computer simulation, signal processing and computer
graphics. In this talk we present a shift register algorithm with perturbation, and most of all we
present a number of tests for uniformity and randomness. Theses tests provide an objective metric
for the validity of a random number generator.

Modular Restrictions on Circulant Weighing
Matrices

Vassil Yorgov
Department of Mathematics and Computer Science, Fayetteville State University
Fayetteville, NC 28301
vyorgov@uncfsu.edu

An n x n matrix W with entries (1,—1,0) satisfying W - W7 = kI, where I is the identity
matrix of order n, is called a weighing matrix of order n and weight k.

A circulant matrix is a square matrix in which each row (except for the first) is a right cyclic
shift of its predecessor. The set of all circulant weighing matrices of order n and weight k is denoted
by CW (n, k). The ring of all circulant matrices of order n over the integers, Z, is isomorphic to the
quotient ring R,, = Z[z]/(z™ — 1). A natural isomorphism takes the circulant matrix W with first
row (wo, w1, ..., w,_1) into the polynomial w(x) = wo +wiz + ... +w,_12" 1. A polynomial w(zx)
determines a circulant weighing matrix of weight k if and only if w(x)w(x,—1) = k in R,,. In that
case k = s where s = w(1).

An integer ¢ in Z* is a multiplier of w(z) from CW (n,s?) if w(z) = w(x?!). It is known that
if CW(n,s?) # @ and s = p™ for some prime p relatively prime to n, then there exist a w(z) in
CW (n, s?) having p as a multiplier.

We use reduction modulo p and the ring structure of Z,[x]/(z"™ —1) to obtain certain restrictions
on circulant weighing matrices with a multiplier p. We apply this restrictions to derive several
new CW(121,81) with 3-rank 10, 15, 20, and 25 and to prove nonexistence of CW(273,121),
CW(273,64), and CW(273,25).
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On Product of Factor-Critical Graphs

Z. Wu, X. Yang and Qinglin Yu*
Center for Combinatorics, Nankai University
94 Weijin Road, Tianjing 30071, PR China
yu@nankai.edu.cn

A graph G is k-factor-critical if G — S has a perfect matching for all k-subset S of V(G).
In this talk, we review the research on factor-criticality and matching-extendability in products of
graphs (mainly on Cartesian product). In particular, a recently proved theorem: Cartesian product
of an m-factor-critical graph and an n-factor-critical graph is (m+mn-+-¢)-factor-critical, where ¢ = 0
if both of m and n are even; otherwise, € = 1.

Hamzaltonian Labelings of Graphs
Ping Zhang

Department of Mathematics, Western Michigan University
Kalamazoo MI }9008-5248 USA
ping.zhang@wmich.edu

A Hamiltonian labeling of a graph G of order n is a vertex labeling ¢ for which the sum of
|c(u) — ¢(v)| and the length of a longest u — v path in G is at least n for every pair u,v of two
distinct vertices in G. We investigate the minimum k for which G has a Hamiltonian labeling, all
labels of which belong to the set {1,2,...,k}. Some results involving this concept are described.

Small Even Edge-Cuts of Graphs

J. Shu, X. Wang, C-Q Zhang and Taoye Zhang*
Department of Mathematics, Penn State Worthington Scranton
Dunmore, PA 18512
tuz3@psu.edu

The odd-edge-connectivity of a graph G, denoted by A,(G), is the size of the smallest odd edge-
cut of the graph. We prove that every odd-(2k + 1)-connected graph has k edge-disjoint parity
subgraphs. We also prove that the flow index of every odd-7-connected graph is less than 4.



