The proof of our next theorem, Theorem 2.1, is similar to the proof of
Theorem 2.0. However, the auxiliary game G defined in Theorem 2.1 has
some ordinal auxiliary moves \Y which the auxiliary game, GZ, of Theorem
2.0 does not have. In the following proof, we integrate a w.s. s7 for G2 with
respect to the A\?’s using indiscernibles for L[#3]; otherwise, the integration
of s7 is analogous to the integration of s3 (in Theorem 2.0).

Theorem 2.1. If L[#3] has indiscernibles, then Det(II7, I19)* .
Proof: Assume L[#3}] has an uncountable set C? of indiscernibles. Let
B,,B; € ITY, (A, | @ < w?), and D strongly witness A € (I, I19)* . Wlog
By C By. Let (Dy]a < w-m) witness that D is w - m — IIY, where m € N.
Then there exist Ry and Rs in A(f such that

i.) Bi(z,n) < VkR;(Z(k),n),

and

ii.) if =R;(Z(k),n) and Vj < k R;(Z(j),n), then k is odd.
We show that G4 has a w.s. s. Condition (ii) helps to simplify the proof.

We describe an open game G which has a w.s. s3 € L[#1]. We integrate
s? to get the w.s. s € L(#3(0)) for G4. G? is similar to the game G3.
The moves of G and G3 are the same with one exception: Once II plays
(G;,u;) = (0,u;), in GZ T and II respectively play integer moves x(2i) and
z(2i + 1), whereas, in G5 I and II respectively play ordinals A3, and \J,
with their respective integer moves x(2i) and x(2i + 1). If II plays @ = 0 for
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all k € w, then the play of G7 is

I Uo  x(0),A] Ui =(2),A3  Up-1
IT (O,ug) x(1),A? (0,u1) x(3),A9 (0,un—1)

If II plays 4 = 1 and tAj =0 for all j € w, then the play of G is
I Uo 20,5 Ui 2(2),25
II (O,ug) «(1),AY (0,u1) x(3),A9

Uk 2(2k—2),A5; _, Uk
(Oup—1) =(2k—1),29, _, (L,=)

TO :ZZ(Zk),AO T1 213(2k’+2),>\2 ..
<Oat0> SU(2]{3—|—1),>\1 <07t1> x(2k+3)’>‘3

If 7, = 1 and £, = 1, the play of G? is

I U z(0),\) Ui x(2),\9
11 <07u0> ZIJ’(l),A? <O,U1> x(3)7>\g

U1 w(2k—-2),09, Us To x(2k), o Ty x(2k+2),\2 o
<0,Uk_1> $(2k—1),>\gk_1 <1?_> <07t0> $(2k3+1),)\1 <07t1> I’(2kﬁ+3),>\3
C Tp—1 z(2k+2n—2),Aapn_2 Ty z(2k+2n),&0  x(2k+2n+2),&2

(0ytn_1) z(2k+2n—1)Aan_1 (1,—) z(2k+2n+1),&1 z(2k+2n+3),65

Any \?’s played must be properly ordered with respect to (D |a < w-m)

using (wﬂf&é(o))\i < m). Otherwise, the moves of G? must satisfy all of the
conditions required of the moves for G3. The sequence

(Uk; (g, u)) Vi < k @; = 0) [respectively, ((Th; (En, tn))|[Vi < n t; = 0)]

and the TI{ set B; [respectively, Bs| are related via Ry [respectively, Rs].

Player I may only play U; € L[#3]. If 4 = 1, player I may only play T), €

L(U)[#1] and the \;’s are properly ordered with respect to (A, |a < w-(k+1))

1 A~
using <wiL+(f2(U’“))|i < k). If 4, =1 and t,, = 1, the ;’s are properly ordered

with respect to (A,ja < w - (n+ 1)) using (wﬂflw’“ﬂ))ﬁ < n).
Player I wins G7 iff a (legal) position (of odd length) is reached at which

IT cannot make a (legal) move. Since G? is an open game, define for each
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ordinal «, P, as the set of positions with ordinal o and let P = Uaeo N Po-
If p is a legal position in G2, let £, denote the set of legal positions in G?
consistent with p. The set £ of legal positions for G% is in L[#3].

Use (P,|a € ON) and Theorem 0.14 to define a wellordering < of ¢ and
the canonical w.s. s7 for G? so that Lemma 2.1.1 (below) and the following
hold: s? is definable in L[#3], and if p is a legal position in G%, then s?|¢,, is
a w.s. for (G%), and is definable in any inner model of ZF in which < |{,, is
definable.

Lemma 2.1.1. Let p be a legal position in G%. Then s?|(, is a w.s. for (G%),
and each of the following hold:

iii.) If p includes the move (i, ug) and 4 = 1, then s7|¢, is definable in
L(UR)[#) from (w2 )i < ).

iv.) If p includes moves (i, u) and (t,,t,) such that @, = t, = 1, then
s2|¢, is definable in L(Uy,T;,) from (wﬂﬁwk’ﬂ‘))\i < n).

By Properties (iii) and (iv) and the proof of Theorem 1.1, we have the

following:
Lemma 2.1.2. If
pr = (Uo; {0, uo); £(0), Ag; (1), AT; U5 (0, un); 2(2), AG; (3), Ag; ..
s U1 (0 ug—1); 2(2k — 2), A9, o3 2(2k — 1), XY, 15 Uk; (1, =)
is a legal position of G3 and A" = A(Ug;ug,ur,...,up_1,%(2k)), then the

following hold:

page 119; 8b2.tex; December 26, 1990



v.) The w.s. s?|{,, can be integrated so as to obtain a w.s. s’ € L(#3(Uy))
for A’ and s’ is a w.s. of the player for whom s7 is a w.s.

vi.) If s? is a w.s. for I, p is a position consistent with s’, and the moves
in p of player II are consistent with Z(2k) and (u;|i < k), then p € Uk.
Therefore, if s? is a w.s. for I and z is a play consistent with s’, then z €
A(ug, w1, U,y ooy up—1, T(2k)).

vii.) If p € Uy is a position consistent with s’ and the moves in p of the
player for whom s’ is not a w.s. are compatible with (u;|i < k), then p is
consistent with each wu;.

Now we integrate s? similarly to the manner in which s3 is integrated
in Theorem 2.0, except that s? is integrated with respect to A\?’s using the
uncountable set C? of indiscernibles for L[#1].

Claim I: Player I has a w.s. for G4 if he has one for G?.

Now assume { ) € P so that s? € L[#1] is a w.s. for I in G7. We use 52

to define a w.s. s for I in G,. Let

Uy = $2(( ), (i, u0) = (1, ~), and po = (Uos {1, ).
By Lemma 2.1.2(v), obtain a w.s. so for A(Up) by integrating the w.s. s3],
for (G%),,, and let s(p) = so(p) for any position p = (z(0);z(1);...;z(i — 1))
such that Vj < iR1(Z(j),0). If R1(%(¢),0) holds at every position, then = €
A(Up) so that x € A by Lemma 2.1.2(vi).

Suppose we reach a position such that =Ry (Z(ig),0) and Vj < igR1(z(5),0).
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We have defined
s(z(1);2(3);..;2(25 — 1)) = x(24) for 25 < ip. (viii)
Since ¢ is odd by (ii), let (Gg,up) = (0,Z(ip)) and py = (Uo; (0, up)). Define
s( ') to be x(0), where (x(0),A3) = s3(pj). Choose \{ € C? and
p1 = pg * (2(0), AG; (1), AT; Un; (1, —))
so that p; is consistent with s?. By Lemma 2.1.2(v), obtain a w.s. s; for
A(Uy;ug,7(2)) by integrating the w.s. s7|¢,, for (G%),,, and let s(p) = s1(p)
for any position p = ((0); x(1);...;z(i — 1)) such that Vj < iR;(z(j),1). By
(vii), this definition of s is consistent with (viii). If R;(Z(7),1) holds at every
position, then x € A(Uy; ug,Z(2)) so that z € A by Lemma 2.1.2. If we reach
a position such that —=R;(Z(i1),1) and Vj < i1 R1(Z(j),1), then continue to
define s by integrating s7 in the same manner as above.
In general, suppose we reach a position such that
—R1(Z(i5),7) and Vi < i, R1(Z(¢),7)
for j =1,2,3,....,k — 1. Choose A}, \J, ..., A9, | € Cf and
pr = (Uo3 (0, Z(i0)); 2(0), Ags (1), AT; Ut 0, 2(in)); 2(2), A3 #(3), Ags ...

s U150, Z(ig—1)); 2(2k — 2), NS, o5 2(2k — 1), A, 15 Uk; (1, —))
so that p; is consistent with s3. By Lemma 2.1.2(v), obtain a w.s. s; €
L(#35(Uk)) for

A(Ug;ug, w1, ... up—1, T(2k))
by integrating the w.s. s?|¢,, for (G%),,, and let s(p) = si(p) for any position
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p = (x(0);2(1);...;2(¢ — 1)) such that Vj < iRy (z(j), k).
Claim: The strategy s of player I is a w.s. for G 4.

Let x be a play of G4 consistent with s. First assume there is a least
k such that Bj(z,k). Then for each j < k, there is a least i, such that
—R1(Z(ij),7). By the definition of s, there exist

Uo, U1, Usy ..., U and A, A N2 0N, | € CF
such that the position
P = (Uo; 0, 2(i0)); #(0), Ags (1), AT; Ur; (0, Z(i1)); 2(2), Ag; 2(3), Ag; -
i Up—1; (0, 2(ig—1)); x(2k — 2), MY, 55 2(2k — 1), A5, 15 Uk; (1, —))
is consistent with s?. We obtained the w.s. sj for
A(Ug; 2(io), 2(i1), ..., T(ik—1), Z(2K))
by integrating the w.s. s?|¢,, for (G%),, and let s(p) = sx(p) for any position
p = (x(0);z(1);...;2(i — 1)) such that Vj < iR:(Z(j),k). Since Bi(z,k),
VjR1(Z(j), k). Therefore, x is a play consistent with s; so that
x € A(Ug; Z(i0), T(i1), e, T(ig—1), T(2k)).
Clearly, x is consistent with each Z(i;) and by Lemma 2.1.2(vi), Vj z(j) € Uy.
Thus, x € A if 3kB;(z, k).

Now assume —Bj(x, k) for all k. Then for each k, there is a least i such
that =R (Z(ix), k). By the definition of s, for each n there exist a sequence
Xn = (A9;4117 < n) of elements from C} and a position

P, = (U0 (0, 2(i0)); (0), Ag; #(1), AY; Ux; (0, 2(41)); #(2), A3; 2(3), A3;
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Us; (0, 2(i2)); 2(4), A3 2(5), AS; 5 2(2n — 2), A3, 93 2(2n — 1), A3, 13 Uni (0, 2(in)))
which is consistent with s3. (Xj is not necessarily a subsequence of XjH.) By
the following lemma, show x € D* = D by using the elements of C? to
integrate s7 with respect to the AJ, ’s:

Lemma 2.1.3. Let
p = (Uo; (0,u0); £(0), Ag; #(1), A; U; (0, u1); ©(2), A3; 2(3), AS; ...
i Un—15 (0, un—1);2(2n — 2), A3, _o52(2n — 1), X3, _15Un)
and
' = (Ug; (0,up); 2/ (0), Ag; ' (1), 05 U7 0, uh ); '(2), A% 2/(3), AG; .
iUl (0, i (2 — 2),39, _pi ! (20 — 1), 38,15 UL)
be legal positions of G3 consistent with s2. If X, , and AJ, ; are elements
of C# for i < n and both the Borel auxiliary moves and the integer moves of
player II are the same for p and p’ (i.e. x(2i — 1) = 2/(2i — 1) and u; = u}),
then both the Borel auxiliary moves and integer moves of player I are the
same for both p and p’ (i.e. x(2i) = 2'(2¢) and U; = U}).
Since z € D, Vk—Bi(z,k), and By C By, x € A. Thus, in either case, x
is a win for I, and s is a w.s. of I.
Claim IT: Player II has a w.s. for G 4 if he has one for G%.
Again, we use the uncountable set C? of indiscernibles for L[#3] to in-
tegrate s? with respect to the \{’s and otherwise we integrate s? similarly to

the manner in which s2 is integrated in Theorem 2.0.
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Assume () ¢ P. Let
Uo = {positions u in G4|VU' € L[#3] (0,u) # s3(U")}.
Then Yu € UpVU’ € L[#3] (0,u) # s2(U"). (ix)
x.) If (U’;(0,u)) is a legal position of G%, then for each ordinal «, P, N
Cwr:0,u)) is definable in L[#3] from (wﬂfé(m)\i < m).
Therefore, Uy € L[#3]. Also, by (ix), (1,—) = s2(Uy). Let po = (Up; (1, —)).
By Lemma 2.1.2(v), obtain a w.s. so for A(Up) by integrating the w.s. s?|{,,
for (G%)p,, and let s(p) = so(p) for any position p = (z(0); z(1);...;z(i — 1))
such that Vj < i z(j) € Uy. If Z(i) € Up holds at every position, then
x & A(Up) so that = ¢ A.

Suppose we reach a position such that z(ig) &€ Uy and Vj < ig Z(j) € Up.

We have defined
s(z(0);2(2);...;2(24)) = (2§ + 1) for 25 < ip. (xi)
Since Z(ig) & Uy, there exists U} € L[#3] such that (0,Z(ig)) = s2(UY}).

Let {fig,ug) = (0,Z(ig)) and let pi = (U}; (0, ug); 2(0), AJ) be a position
consistent with s7 in which A\ € C3. Define z(1) = s(x(0)) to be s3(p}). Let
Uy = {positions u in G4 (Z(2),uo)|VU" € L[#3] (0,u) # s3(Uf; x(0),\?;U")}.
Then Uy € L[#3] and (1, —) = s2(U}; 2(0), A3; U1). Let

p1 = ph*+ (z(1),\%; U5 (1, -)).
By Lemma 2.1.2(v), obtain a w.s. s1 for A(Uy;ug, £(2)) by integrating the w.s.
s2|¢,, for (G%),,, and let s(p) = so(p) for any position p = (z(0); z(1);...;z(i—
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1)) such that Vj < iR;(Z(j),1). By Lemma 2.1.2(vi), this definition of s is con-

sistent with (xi). If Z(¢) € U; holds at every position, then = ¢ A(Uy; ug, 7(2))

so that z ¢ A. If we reach a position such that Z(i1) ¢ U;, then continue to

define s by integrating s7 in the same manner as above.

In general, suppose we reach a position such that
2(i;) ¢ U; and Vi < i; (i) € U for j =1,2,3,...k — 1.
Then let
x(0),x(2),2(4),...,x(2k — 2); Uy, Uy, Us, ..., Ug_1;
and A§, Ay, ..., AJ,_, € C? be such that the position
Pr—1 = (Ui (0, Z(40)); £(0), AG; 2(1), AT U1 0, Z(i1)); 2(2), A3 2(3), Ags ...

s U130, Z(ig—1)); w(2k — 2), A9, o)

is consistent with s?. Define s(z(0);2(2);...;2(2k —2)) = x(2k — 1) to be such

that pj_, * (z(2k — 1), A9, _,) is consistent with s? for some A3, . Let

Uy, = {positions u in G z(Z(i¢),Z(i1), Z(i2), ..., T(ix—1), T(2k))]
VU € LI#3] (0,u) # 30, * (0(2k — 1), A% _; U))}.
Then Uy, € L[#3] and (1, —) = s3(p},_, * (x(2k — 1), A9, _,; Ug)). Let
Pe = Py * (2(2k — 1), A9, 13 Ugs (1, —)).

By Lemma 2.1.2(v), obtain a w.s. si for A(Uk;ug,us,...ux—1,Z(2k)) by in-

tegrating the w.s. s%|(,, for (G%),,, and let s(p) = sg(p) for any position

p=(z(0);z(1);...;x(i — 1)) such that Vj <i z(j) € Uy.

Claim: The strategy s of player Il is a w.s. for G 4.
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Let x be a play of G4 consistent with s. First consider the case in which
there is a least k such that Vi Z(i) € Ug. Then for each j < k, there is a least
i; such that z(i;) & U;. By the definition of x(2j+1) = s(x(0); x(2); ...; x(25))
for j < k and by the definition of the U;’s, there exist

UL UL US, . UL € LI#3 A0, A9, MY, . Ay, € CF; and
pr = (Ug; (0, Z(i0)); £(0), Ag; (1), A; Uf; (0, 2(41)); #(2), A3; (3), A3; ...

U 13(0, @ (ik—1)); 22k — 2), A 3 2(2k — 1), A3 Uk (1, )

such that py is consistent with s7. We obtained the w.s. s, for
A(Ug; Z(i0),2(i1), -y T(ig—1), T(2k))

by integrating the w.s. s%|¢, for (G%),, and let s(p) = sk(p) for any po-
sition p = (z(0);x(1);...;z(i — 1)) such that Vj < i z(j) € Ug. Since we
are assuming Vj Z(j) € Uy, x is a play consistent with s, so that x ¢
A(Uy; z(i0), Z(i1), .., T(ik—1), T(2k)). Therefore, x ¢ A.

Now assume for each k, there is a least iy such that Z(iy) ¢ Ux. By the
definition of x(2j+1) = s(x(0); x(2);...;2(27)) for 7 < k and by the definition
of the U;’s, there exists for each j, U] € L[#2] such that the following holds:
For each n, there exist a sequence X\, = (A9;17 < n) of elements from C} and
a position

P = (Ug3 (0, Z(i0)); 2(0), AG; (1), AT U (0, Z(i1) ); 2(2), A9 #(3), Ags -
U100, (1)) 32 — 2), 2, _o)
such that the position p/, ; is consistent with s2. (Xk is not necessarily a sub-
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sequence of Xk;.{.l.) Since each position pj, is consistent with s, =Ry (Z(ix), k)
so that Vk—Bj(x,k). By the following lemma, show x ¢ D by using the
elements of C? to integrate s7 with respect to the AJ,’s:
Lemma 2.1.4. Let
p = (Uo; (0,u0); £(0), AQ; (1), A; Uy; (0, u1); 2(2), A9; 2(3), A3; ...
i Un— 130, up—1);2(2n — 2), 09, _o;2(2n — 1), 79, 1)
and
P = (Ug: (0, up); 2(0), A (1), A%; UT; (0, 0 )5 2'(2), A3 2/ (3), AG; .o
3 Up13(0,up, g )27 (20 — 2)), 5\871—2; z’(2n — 1), 5\871—1)
be legal positions of G3 consistent with s7. If \J; and \J, are elements of C?
for © < n and both the Borel auxiliary moves and the integer moves of player
I are the same for p and p’ (i.e. z(2i) = 2/(2¢) and U; = U)), then both the
Borel auxiliary moves and integer moves of player II are the same for both p
and p’ (i.e. ©(2i — 1) =2'(2i — 1) and u; = u}).
Since Vk—B1(z,k) and x € D, z is a win for II. Consequently, s is a w.s.
in G 4 of the player for whom s7 is w.s. n
Now we generalize G%:
Definition 2.1. Let By, By € I1{, (A, | a < w?), and k € w strongly witness
A € (2+1I0))*. Then we refer to the auxiliary game G3 described in the

Proof of Theorem 2.1 as the G% auziliary game determined by Bo, By, € 119,

(Ay |a<w?), and k € wif m=k+1and D, = A, for a < w-m.
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Suppose Q = (Qili < B) and ¢ = (g;]i < 7) respectively are a finite
sequence of I-imposed subgames of G4 and a sequence of legal positions of
G 4. Then the G%(Q; q) auziliary game determined by

Bs, By, (Ay | a <w?), and m € w
is the game in which player I wins iff a position is reached at which II cannot
make a (legal) move, which has exactly the same moves as G%, and these
moves are subject to the following conditions:

i.) The sequence ((Uy; (U, up))|Vj < n G; = 0) of Borel auxiliary moves and
the I1{ set By are related via Rp,. The sequence ((Ty; (tn,t,))|Vj < n t; = 0)
of Borel auxiliary moves and the II{ set By are related via Rp,. (Rp, is
defined as in Theorem 2.1.)

ii.) Each (i) € ;.43 @; and each Z(i) must be consistent with every g;.

iii.) U; € L[#1], and if 45 = 1, then T; € L(Uy)[#1].

iv.) The \?’s are properly ordered with repect to (A,|a < w-(m+1)) using

L=
(wﬂfd@)\i < m). If 45 = 1, then the \;’s are properly ordered with repect

t0 (Aala < w- (k+ 1)) using (w 2@V < p).
v.) If 4y = t, = 1, the &’s are properly ordered with respect to (Aq|a <

w - (n+1)) using <wiL+(71¢}(Q’U’“))\z’ < n).

These conditions are analogous to the conditions for the moves of G2.

The first is a condition which the moves of G7 also must satisfy. The others

are derived by changing the conditions for the moves of G7 so that we obtain
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conditions which are consistent with Cj and ¢. We refer to G%(Q; q) instead of
the G2(Q: ¢) auxiliary game determined by Bo, B, (Aq | & < w?), and m € w
whenever Bo, B1, (A, | a < w?), and m € w are clear from the context.
Analogous to Theorem 2.1, we have the following;:

Corollary 2.1.1. Let Bo, By, (A, | a < w?), m, A, Q, and ¢ be as in
Definition 2.1. Let p be a legal position of a game G* such that the moves of
G* following p constitute a play of G%(Q; q). Suppose @ has a wellordering
which is definable in L(Q), #L(Q) exists, and s* is a w.s. for G* such that
s*|¢, € L(Q)[#1]. Then s*|¢, can be integrated so as to obtain a w.s. s, €
L(#(Q)) for A(Q; ) such that the following hold:

i.) s, is a w.s. of the player for whom s* is a w.s.,

ii.) If s* is a w.s. for I, p is a position consistent with s,, and the moves
in p of player II are consistent with ¢, then p € (), 5 Qi Therefore, if s* is a
w.s. for I and z is a play consistent with s,, then x € A(q).

iii.) Let p be a position consistent with s, and with Q If the moves in p of
the player for whom s, is not a w.s. are consistent with ¢, then p is consistent

with ¢. ]
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