§2. The Existence of #E(O) Implies Determinacy.

In this section, we generalize the results of Section One. We show the
following two results:

Theorem 2.4. If L(6#1,,(0))[#.] E “#5 exists for every real r,” then
Det(y * II9, 8 * £9)*.

Theorem 2.5. If 03+D#541 exists, then Det(y * 119, 8 * ¥9)%.

The proof of Theorems 2.4 and 2.5 is by induction on v and 3. We also prove
by induction two slightly stronger results: Corollaries 2.4.1 and 2.5.1. The
statement of these corollaries is very similar to the statements of Theorems
2.4 and 2.5.

We first prove Theorems 2.4 and 2.5 and Corollaries 2.4.1 and 2.5.1 for
B = 0 and any . The proof is by induction on v. However, we need as our
induction hypothesis, Corollaries 2.4.1 and 2.5.1 with § = 0 and  replaced by
~v—1. Theorems 2.4 and 2.5 with = 0 and v replaced by v—1 are not strong
enough to be our induction hypothesis. Once we have shown Theorems 2.4
and 2.5 and Corollaries 2.4.1 and 2.5.1 for § = 0, we prove the four general
results by induction on f.

Theorems 1.0 and 1.1 (of Section One) respectively are Corollaries 2.4.1
and 2.5.1 with 8 = 0 and v = 1. Corollaries 2.2.1 and 2.3.1 respectively are
Corollaries 2.4.1 and 2.5.1 with 8 = 0. We could use Theorems 1.0 and 1.1 as

the Base Step for our inductive proof, with respect to v, of Corollaries 2.2.1
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and 2.3.1. However, we first show Theorems 2.4 and 2.5 and Corollaries 2.4.1
and 2.5.1 for the case in which v = 2 and 3 = 0. Figure 6 illustrates the
Theorems of this section.

Recall that #35 is the partial sharp function whose domain is a subset of
the reals and which sends r to r#2. Now we characterize

L[#3] =“r#2 exists for every real r”
in terms of determinacy.
Theorem 2.0. If L[#1] =“r#2 exists for every real r,” then Det(I1?, I19)*.
Proof: Assume L[#1] =“r#2 exists for every real r.” Let By, B; € II? and
(Ay | @ < w?) strongly witness A € (I19,119)*. Wlog By C B;. Also, there
exist Ry and Ry in AY such that
i.) Bi(x,n) < VkR;(Z(k),n),
and
ii.) if =R;(Z(k),n) and Vj < kR;(Z(j),n), then k is odd.

We show that G4 has a w.s. s. Condition (ii) helps to simplify the proof.

We describe an open game G2 which has a w.s. s € L[#3i]. We integrate
s2 to get the w.s. s € L[#3] for G4. The moves of G3 are the integer moves
x(i) of G4 as well as two types of auxiliary moves: Borel auxiliary moves and
ordinal auxiliary moves.

G? contains a sequence

((Ug; (g, up)) |k € w & Vi < k 4; = 0)
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of Borel auxiliary moves, which is related to the H(l) set By via Ry. Player I
may only play Uy € L[#3]. If II plays 4z = 0 for all k € w, then the play of
G3 is

I Uy «(0) Ui 2(2) Up:
L (0uo) =(1) (Ou1) =(3) (Oup—1)

If 1T plays 4y = 1, then the moves of G2 following (g, us) = (1, —) con-
stitute a play of the auxiliary game G1(Ug;ug,ur, us, -, up_1,2(2k)) deter-
mined by B, (A,|a < w), and k € w (with integer moves x(2k +1) for i € w).
Suppose u = 1. Then for j > k, no Borel auxiliary moves (Uj; (4;,u;)) are
played. Following the move (uy,ur) = (1, —) are the integer moves z(2k + 7)
for i € w and a sequence {(T},; (tn,t,))|Vi < n t; = 0) of Borel auxiliary moves
which is related to By via Ry. Player I may only play T}, € L(U)[#1]. Also,
if Vj <1 fj = 0, then ordinal auxiliary moves Ag; and Ag;41 are respectively
played with the integer moves z(2k+2¢) and x(2k+2i+ 1) so that the \;’s are
properly ordered with respect to (Ay|a < w- (k+1)) using (w,ﬂf&%wk» li < k).

If I plays £; = 0 for all j € w, then the play of G3 is

1 Uy 20 U, =2
II (O,up) x(1) (O,u1) x(3)

. Uk_1 1}(2k3—2) Uy To :E(Zk),)\o T :E(2k:—|—2),)\2
<0,’U,k_1> 93(2]{3—1) <1,—> <0,t0> :L‘(Zk}—f—l),)\l <0,t1> :L‘(2l€+3),)\3 :

If II plays ¢,, = 1, then each move of G2 following ({,,,t,) consists of an integer

x(2k + 2n + i) and an ordinal §;, and the &;’s must be properly ordered with
1 A~

respect to (Ay|a < w-(n+1)) using (wﬂ#l(U‘“’Tn))h’ <n). If t,, = 1, the play

of GZ is
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I U xz(0) Ui ©(2)
I (0,uo) x(1) (O,u1) x(3)

. Uk—l :E(2k‘—2) Uk T() x(2k),>\0 T1 x(2k:+2),)\2 .
<O,uk_1> a:(2k—1) <1,—> <0,t0> 93(2]€+1),>\1 <O,t1> :E(Qk—{—g),)\g
o Tha z(2k+2n—1),Aan—1 Ty z(2k+2n),&0  x(2k+2n+2),£2

(0,tn—1) z(2k+2n—2)Aan_2 (1,—) x(2k+2n+1),&1 x(2k+2n+3),&5

Player I wins G3 iff a (legal) position (of odd length) is reached at which
I1 cannot make a (legal) move. G2 is an open game and therefore we define,
for each ordinal «, P, as the set of positions with ordinal o and let P =
Uacon Pa- If pis alegal position in G3, let £, denote the set of legal positions
in G2 consistent with p. The set ¢ of legal positions for G2 is in L[#3].

Use (P,la € ON) and Theorem 0.14 to define a wellordering < of ¢ and
the canonical w.s. sZ for G3 so that Lemma 2.0.1 (below) and the following
hold: s3 is definable in L[#3], and if p is a legal position in G3, then s3|¢,, is
a w.s. for (G3), and is definable in any inner model of ZF in which < |/, is
definable.

Lemma 2.0.1. Let p be a legal position in G3. Then s3|¢, is a w.s. for (G3),
and each of the following hold:
iii.) If p includes the move (4, ug) and 4 = 1, then s3|¢, is definable in
LUR)[#] from (W )i < k).
iv.) If p includes moves (i, u) and (t,,t,) such that 4 = t, = 1, then
sa|¢, is definable in L(Uy,T;,) from <w-L(#%(U""T”))]i < n).
By Theorem 1.1 and Lemma 2.0.1, we have the following;:

Lemma 2.0.2. If
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pr = (Uo; (0, ug); 2(0); 2(1); Ur; (0, u1); 2(2); 2(3); ...
i U130, up—1); 2(2k — 2);2(2k — 1)); Ug; (1, —))
is a legal position of G2 and A’ = A(Ug;ug,u1, ..., ur_1,Z(2k)), then the
following hold:

v.) The w.s. s3]{,, can be integrated so as to obtain a w.s. s’ € L(#3(Uy))
for A’ and s is a w.s. of the player for whom s? is a w.s.

vi.) If s3 is a w.s. for I, p is a position consistent with s’, and the moves
in p of player II are consistent with z(2k) and (u;|j < k), then p € Uy.
Hence, if s2 is a w.s. for I and z is a play consistent with s, then z €
A(ug, U1, U2,y .oy up—1, T(2k)).

vii.) If p € Uy is a position consistent with s’ and the moves in p of the
player for whom s’ is not a w.s. are compatible with (u;|j < k), then p and
each u; are compatible.

Now we define a w.s. for G 4:
Claim I: Player I has a w.s. for G4 if he has one for GZ.

Let’s first consider the case in which () € P. Then s2 € L[#1] is a w.s.
for T in G2. We use s2 to define a w.s. s for I in G4. Let

Uo = s5(( )); (@0, uo) = (1, =), and po = (Uo; (1, -)).

By Lemma 2.0.2(v), obtain a w.s. so € L(#3(Uy)) for A(Up) by integrat-
ing the w.s. s2|l,, for (GZ)p,, and let s(p) = so(p) for any position p =
((0);2(1);...;2(i — 1)) such that Vj < iR1(z(j),0). If Ry(Z(i),0) holds at
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every position, then x € A(Up) so that z € A by Lemma 2.0.2(vi).
Suppose we reach a position such that =Ry (Z(ip),0) and Vj < igR1(Z(5),0).

We have defined

s(z(1);2(3);..;2(25 — 1)) = z(24) for 25 < ip. (viii)
Since i is odd by (ii), let (Gg,up) = (0,Z(ip)) and py = (Uo; (0, up)). Define
z(0) = s( ) to be sZ(p}) and Uy to be sZ(pj * (x(0); x(1))). Let

p1 =g * (2(0);2(1); U; (1, —)).
By Lemma 2.0.2(v), obtain a w.s. sy € L(#(Uy)) for A(Uy;ug,Z(2)) by
integrating the w.s. s3|¢,, for (G2),,, and let s(p) = s1(p) for any position p =
((0);2(1);...;2(¢ — 1)) such that Vj < iR1(Z(j),1). By (vii), this definition
of s is consistent with (viii). If R;(Z(i),1) holds at every position, then
r € A(Uy;up,%(2)) so that x € A by Lemma 2.0.2. If we reach a position
such that =Ry (Z(i1),1) and Vj < i1 R1(Z(j), 1), then continue to define s by
integrating s3 in the same manner as above.
In general, suppose we reach a position such that
—R1(Z(i5),7) and Vi < i, R1(Z(1),7)
forj =1,2,3,...,k—1. Thenlet x(0),z(2),z(4), ..., z(2k) and Uy, U1, Us, ..., Uy
be such that the position
Pe = (Uo; (0, Z(i0)); 2(0); 2(1); U; (0, Z(i1)); 2(2); 2(3); ...
iy Ug—1;(0,Z(ig—1)); x(2k — 2); 2(2k — 1); Ug; (1, —))

is consistent with s2. By Lemma 2.0.2(v), obtain a w.s. sy€ L(#3(Uy)) for
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A(Ug;ug, U1y ..., ug—1, Z(2k))
by integrating the w.s. s3|¢,, for (GE),,, and let s(p) = si(p) for any position
p=(x(0);z(1);...;x(i — 1)) such that Vj <iRy(Z(j), k).
Claim: The strategy s of player I is a w.s. for G 4.

Let x be a play of G4 consistent with s. First consider the case in which
there is a least k such that Bj(x,k). Then for each j < k, there is a least i;
such that ~Ry(Z(i;),j). Furthermore, there exist Uy, Uy, Us, ..., Uy such that
the position

P = (Uo; (0,2 (i0)); 2(0); 2(1); U1; (0, 2(1)); 2(2); 2(3); .-

s Uk—1;(0,Z(ig—1)); ©(2k — 2);2(2k — 1); Ug; (1, —))
is consistent with s3. By the definition of s, we obtained the w.s. sy for
A(Uy; x(io), Z(11), -, T(ik—1), T(2k))
by integrating the w.s. s2|(p, for (G%),, and let s(p) = si(p) for any position
p = (z(0);z(1);...;2(i — 1)) such that Vj < i R1(Z(j),k). Since Bi(z,k),
VjR1(Z(j), k). Therefore, x is a play consistent with s; so that
r € A(Ug; Z(i0), Z(i1), ..oy T(ig—1), T(2k)).

Clearly, x is consistent with each Z(i;) and by Lemma 2.0.2(vi), Vj Z(j) € Uy.
Thus, x € A if IkB;(z, k).

Now assume —Bj(x, k) for all k. Then for each k, there is a least i) such
that ~Rq(Z(ix), k). Furthermore, there exists (U;|j € w) such that for each
k, the position
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P = (Uo; (0, 7(i0)); 2(0); 2(1); U (0, 7(i1)); 2(2); 2(3); -
s Ug—1;(0,Z(ig—1)); 2(2k — 2); x(2k — 1); Ug; (1, —))
is consistent with s3. Since each pj, is consistent with s2, the play
y = (Uo; (0, 2(i0)); 2(0); 2(1); U; (0, Z(i1)); #(2); ©(3); U2; (0, (d2)); 2 (4); 2(5); ...
iy Un3 (0,Z(i)); 2 (2n); 2(2n + 1);...)
is consistent with s3. Since y is a play of G3 in which player 1T made only legal
moves, y is a win for I, contradicting s3 being a w.s. for I. Thus, kB (x, k),
x € A, and s is a w.s. for player I.
Claim IT: Player II has a w.s. for G 4 if he has one for GZ.
Now let’s consider the case ( ) ¢ P. We integrate II’s w.s. s2 € L[#1]] for
G? to get the w.s. s for Il in G4. Let
Uo = {positions u in G4|VU’ € L[#1] (0,u) # s2(U")}.
Then Yu € UgVU' € L[#3] (0,u) # s3(U"). (ix)
x.) If (U’;(0,u)) is a legal position of GZ, then for each ordinal «, P, N
L0 is definable in L{#3].
Therefore, Uy € L[#3]. Also, by (ix), (1,—) = s3(Up). Let pg = (Up; (1, —)).
By Lemma 2.0.2(v), obtain a w.s. so for A(Up) by integrating the w.s. s3],
for (G2),,, and let s(p) = so(p) for any position p = (z(0);z(1);...;2(i — 1))
such that Vj < i Z(j) € Uy. If (i) € Uy holds at every position, then
x & A(Up) so that x ¢ A.
Suppose we reach a position such that z(ig) & Uy and Vj < ig Z(j) € Up.
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We have defined
s(x(0);2(2);...;2(24)) = (25 + 1) for 25 < ip. (xi)

Since Z(ig) & Uy, there exists U} € L[#3] such that (0,Z(ig)) = s3(U}).

Let (ug,up) = (0,Z(ig)) and pj = (U};(0,up);x(0)). Define x(1) =
s(z(0)) to be s3(p}). Let

U; = {positions u in G A(Z(2), ug)|VU" € L[#3] (0,u) # s3(Up; x(0); U")}.
Then Uy € L[#3] and (1,—) = s3(U{; 2(0); Uy). Let
p1 = po * (x(1); Ur; (1, —)).

By Lemma 2.0.2(v), obtain a w.s. s; € L(#i(Uy)) for A(Ur;ug,Z(2)) by
integrating the w.s s3|¢,, for (GZ),,, and let s(p) = Si(p) for any position
p = (x(0);z(1);...;x(i—1)) such that Vj <iRy(Z(j),1). By Lemma 2.0.2(vii),
this definition of s is consistent with (xi). If (i) € Uy holds at every position,
then x € A(U1;uo,Z(2)) so that x ¢ A. If we reach a position such that
z(i1) € Uy, then continue to define s by integrating s2 in the same manner as
above.

In general, suppose we reach a position such that

z(i;) ¢ Uj and Vi < i; 2(i) € U; for j =1,2,3, ...,k — 1.
Then let z(0), z(2), z(4), ...,x(2k—2) and U}, U1, Uj, ..., U}, _; be such that the
position
Py = (U4 (0, 5(i0)); 2(0); 2(1); U3 (0, 3(01)); 2(2); 2(3); -
5 Uiy (0, 2(i—1)); 2(2k — 2))
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is consistent with s3. Let z(2k — 1) = s3(p},_,) and
Ui = { positions u in G 4 consistent with z(2k) and (Z(i;)|j < k)|
VU' € LI#] (0,u) # s3(0_y * (2(2k — 1; U"))}.
Then pr = pj,_; * (x(2k — 1); Uy; (1, —)) is consistent with sf. By Lemma
2.0.2(v), obtain a w.s. sy for
A(Uk; ug, uq, ... up—1,(2k))
by integrating the w.s. s3|¢,, for (GZ),,, and let s(p) = si(p) for any position
p=(x(0);2(1);...;2(i — 1)) such that Vj < i z(j) € Uy.
Claim: The strategy s of player 1l is a w.s. for G 4.

Let x be a play of G4 consistent with s. First consider the case in which
there is a least k such that Vi z(i) € Ug. Then for each j < k, there is a least
i; such that z(i;) & U;. By the definition of x(25+1) = s(x(0); 2(2); ...; x(25))
for j < k and by the definition of the U;’s, there exist U, Uy, U, ..., U, _; such
that the position

Pe = (Ug; (0,2(i0)); 2(0); 2(1); U; (0, 2(41)); 2(2); 2(3); ...
U540, (1)) (2k — 2)50(2k — 1); Ui (1,-))
is consistent with s3. We obtained the w.s. sy for
A(Ug; Z(i0), 2(i1), -y T(ig—1), T(2k))
by integrating the w.s. s3|¢,, for (G3),, and let s(p) = sx(p) for any position
p=(x(0);z(1);...;2(i—1)) such that Vj < i Z(j) € Ui. Since we are assuming
Vj z(j) € Ug, x is a play consistent with s so that
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x & A(Ug;Z(i0), Z(i1), .oy T(ig—1), T(2k)).
Therefore, x ¢ A.

Now assume for each k, there is a least ix such that Z(ix) € Ug. By the
definition of x(2j+1) = s(x(0); x(2);...;2(27)) for 7 < k and by the definition
of the U;’s, there exist Uy, U7, Us, ..., U}, such that the position

(Uo; (0, 2(40)); 2(0); 2(1); U5 (0, 2(41)); 2(2); 2(3); -.; Ug; (0, Z(ir)))
is consistent with s2. Since each such position is consistent with s2, ~ Ry (Z(ix), k).
Since By C By, Vj € {1,2}Vk—B;(x, k) so that z is a win for II. Consequently,
s is a w.s. in G4 of the player for whom s% is w.s. ]

We now generalize the result of Theorem 2.0, but first we define an aux-
iliary game G%((j ;) which is a generalization of the auxiliary game G% of
Theorem 2.0.

Definition 2.0. Let By, B; € II{ and (A4, | a < w?) strongly witness A €
(2 x 19)*. Then we refer to the auxiliary game G3 described in the Proof of
Theorem 2.0 as

the G2 auziliary game determined by Bo, By, € 11V, and (A, | a < w?).

Suppose Q = (Qili < B) and ¢ = (q;]i < 7) respectively are a finite
sequence of I-imposed subgames of G4 and a sequence of legal positions of
G 4. Then the G%(é; q) auxiliary game determined by

By, By, and (A, | a < w?)
is the game in which player I wins iff a position is reached at which II cannot
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make a (legal) move, which has exactly the same moves as Gg, and these
moves are subject to the following conditions:

i.) The sequence ((Up; (tn,un))|Vj < n u; = 0) of Borel auxiliary moves
and the II{ set B; are related via Rp,. The sequence

(Ts (En, tn)) VG < m t; = 0)

of Borel auxiliary moves and the H(l) set Bo are related via Rp,.

ii.) Each 7(i) € [, 43 Q; and each Z(z) must be consistent with every g;.

iii.) U; € L[#3], and if 4y = 1, then T; € L(Uy)[#1].

iv.) If 45 = 1, then the \;’s are properly ordered with repect to (A,|a <
w - (k+1)) using (wﬁ#%@’(j’“))ﬁ <k).

v.) If 4y, = t, = 1, the &’s are properly ordered with respect to (A, |a <
w-(n+1)) using (wﬂf&%(é’zjk’n))]i < n).

These conditions are analogous to the conditions for the moves of G3.
The first is a condition which the moves of G2 also must satisfy. The others
are derived by changing the conditions for the moves of G2 so that we obtain
conditions which are consistent with Cj and ¢. We refer to G%(@; q) instead
of the G2(Q; ) auxiliary game determined by Ba, By, and (A, | o < w?)
whenever By, By, and (A, | a < w?) are clear from the context. Analogous
to Theorem 2.0, we have the following:

Corollary 2.0.1. Let Bs, By, (A, | a < w?), A, @, and 7 be as in Definition

2.0. Let p be a legal position of a game G* such that the moves of G*
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following p constitute a play of G%(@; q). Suppose Q has a wellordering which
is definable in L(Q), L(Q)[#3}] = “p#2 exists for ever real r,” and s* is a w.s.

for G* such that s*|¢; € L(Q)[#3]. Then s*|¢; can be integrated so as to

obtain a w.s. s; € L(Q)[#3] for A(Q;{) such that the following hold:

i.) sp is a w.s. of the player for whom s* is a w.s.,

ii.) If s* is a w.s. for I, p is a position consistent with s;, and the moves
of player II in p are consistent with ¢, then p € (), 3 Q;. Therefore, if s* is a
w.s. for I and z is a play consistent with sz, then x € A(q).

iii.) Let p be a position consistent with both s; and C} If the moves in p of
the player for whom s; is not a w.s. are consistent with ¢, then p is consistent

with ¢. ]
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